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Efficient Finite Element Method for Aircraft Deicing Problems

J. R. Huang,* Theo G. Keith Jr.,t and Kenneth J. De Wittt
University of Toledo, Toledo, Ohio 43606

In this article a finite element formulation based on an assumed states method is proposed for the solution
of heat conduction problems with phase change at a fixed temperature. Attention is directed towards reduction
of computer cost through the use of an efficient formulation, solver, and algorithm. The procedure is applied
to the analysis of an electrothermally deiced aircraft surface. :

Nomenclature

apparent heat capacity

coefficient in Kirchhoff temperature function,
dimensionless

specific heat capacity

enthalpy per unit volume

= heat-transfer coefficient

= thermal conductivity

latent heat of fusion for ice

= unit normal vector

= rate of heat generation per unit volume
= temperature

= ambient temperature

= time

a small temperature interval

= Kirchhoff variable

= density
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ubscripts

= liquid

= melting point or element node number
reference value

= solid

= two phase substance
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il

Superscripts

n = time level

T transpose

0 initial condition

I

Introduction

HE numerical solution of phase-change problems has
been a continuous research topic for many years. The
principal difficulty in the modeling of a heat transfer problem
with phase-change: lies in the handling of the transformation
between phases and the concomitant absorption (or libera-
tion) of latent heat in the phase-change zone. The physics of
the problem results in a temperature solution with a discon-
tinuous temperature gradient at the phase transition interface.
Also, the phase-change can take place either over a wide
range of temperatures or at a single temperature.
A ‘variety of numerical schemes have been proposed to
overcome these difficulties. These schemes can be divided
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into essentially two categories: 1) methods with a moving
interface, and 2) methods in which the interface is eliminated
from consideration. In the first group, the energy equations
for the solid region and the liquid region are solved simul-
taneously with an equation that gives the moving interfacial
position. The latent heat of absorption (or liberation) is treated
as a boundary condition. This method is capable of providing
very accurate solutions. However, the major difficulty with
this method is that the computational mesh must be redefined
at each time ‘step because of the movement of the phase
transition zone. An alternate approach is to use methods which
allow the mesh to adapt the moving phase front. However,
these methods are complex and generally require con51derab1e
computer time.

A more general approach to phase-change problems is the
so-called “‘enthalpy method” in which the phase change front
is not simultaneously tracked during the computations, but
located afterwards from calculated temperatures.!~* This ap-
proach'is possible because the phase-front conditions are im-
plicitly included in the enthalpy definition. The latent heat of
absorption (or liberation) is accounted for by defining an
apparent heat capacity. There are two possible formulations
with this approach depending on whether temperature or en-
thalpy is chosen as the unknown variable. In the temperature
formulation, it is necessary to carry out a smoothing of the
enthalpy-temperature relation to define an apparent heat ca-
pacity. In the enthalpy formulation, there is implicit smooth-
ing, which arises from the fact that the enthalpy varies con-
tinuously within the body bemg melted (or frozen), and across
the moving front.

In order to prevent the reduction of lift on aircraft surfaces
due to icing, various ice protection systems have been studied.
Deicing methods are concerned with ice removal during and
after ice buildup. An electrothermal deicer pad is a widely
used thermal deicing system. In this method of aircraft wing
surface ice control, heater pads are installed beneath the skin
surrounding the leading edge of the wing, as shown in Fig.
1. The heaters are activated during icing conditions to remove
any accreted ice. Electrical energy in the form of conducted
heat destroys the adhesion forces at the ice/abrasion shield
interface. Aerodynamic forces are then able to sweep the ice
from the surface.

I

substrate —‘/

heater pad
insulation

abrasion
shield
ice

_ Fig. 1. Airfoil with electrothermal thermal deicer pad.
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In any numerical simulation of an electrothermally deiced
aircraft surface, it is necessary to deal with the phase-change
problem and with the complexity of the airfoil geometry. In
the past 20 yr most researchers have .used finite difference
methods to study deicer pads.’ Recently, Huang et al.® ap-
plied an enthalpy method to simulate a two-dimensional elec-
trothermally deiced aircraft surface with a finite element tech-
nique (FEM). It is well known that an FEM approach usually
takes more CPU time than does a comparable finite difference
approach. This disadvantage of FEM is apparent in a deicer
pad simulation, since for a general two-dimensional problem
the CPU time has been found to consume several hours on
the VAX 6420. Hence, to extend this technique to a three-
dimensional simulation of a deicer pad, it is necessary to
improve the efficiency and reduce the computer costs. Pos-
sible approaches for reducing the computational time in a
heat transfer problem with phase change that is solved by
FEM include the following: 1) selection of an efficient com-
putational method for treating the phase change problem; 2)
selection of an efficient method for dealing with the stiffness
matrix and the force vector, since the nonlinearities of phase-
change problems cause most of the CPU time to be spent on
the generation of these at each time step; 3) selection of an
effective equation solver since the resulting set of algebraic

equations is nonsymmetric; and 4) construction of an algo-
rithm which is specially tailored to a parallel computing en-
vironment.

In 1984, Schneider and Raw® proposed a procedure (which
has been called the “method of assumed states” by Roelke
et al.’® which significantly reduces the calculation cost and
greatly improves the calculation speed in phase change energy
transport problems. To date, this procedure has been used
exclusively with finite difference methods.

The objectives of this article are 1) to present a numerical
scheme in which the finite element method and the method
of assumed states are used for the solution of aircraft deicing
problems which include phase transformation, and 2) to de-
velop an efficient solution strategy

Analysis

Mathematical Model

The following assumptions were made in the development
of a mathematical model for heat conduction with phase change.

1) The phase-change occurs at a single temperature rather
than over a temperature range..

2) The physical properties are not strongly dependent on
the temperature, i.e., constant values of heat capacity and
conductivity will be applied in solid or liquid phase regions.
For a specific temperature range, this assumption is quite
reasonable. For example, the heat capacity and conductivity
are, respectively, 0.5 Btu/lb_-°F and 1.29 Btu/h-°F for ice at
32°F, whereas the heat capacity and conductivity are respec-
tively 0.5 Btu/lb_-°F and 1.54 Btu/h-°F at —40°F. The heat
capacity and conductivity are, respectively, 1.0 Btu/lb,,-°F and
0.34 Btwh-°F for water at 32°F, whereas, the heat capacity
and conductivity are, respectively, 0.995 Btw/1b,_-°F and 0.4
Btu/h-°F at 200°F. '

3) The density change due to melting is negligible, i.e., the
effect of volume contraction during melting is neglected.

The general heat conduction equation is

(b)) & = V- (VD) + g (1)

This expression can be used to determine the temperature
distribution within any of the layers including that of the ice
for an aircraft deicing simulation (Fig. 1). The heat source
term, ¢, is zero everywhere except for the heaters.

The initial condition is

T=T° at t=190

The convective heat transfer boundary condition for either
the bottom surface of the substrate or the ice layer-ambient
interface (Fig. 1) is

kVT-n = —h(T — T.) )

Enthalpy Formulation

The enthalpy method is used to determine the phase change
within the ice. Equation (1) may be written in terms of the
enthalpy per unit volume as

%I = V-(kVT) + ¢q 3)

where
dH = pc dT

or

T
Hzf (pc), dT T<T,
Tr

m

T=T,

Tm T
H=["oar + L+ [ (oo ar )
Tx T

Note Eq. (3) can be applied in both the composite material
and the ice for a deicer pad simulation since the composite
material can be treated as a phase-change material which will
always be in the solid state. Equation (3) may be written as

dH oT '
) E?E = V'(kVT) +4q
or
aT
C* o = V-UT) + g )

where C* is the apparent heat capacity. There are numerous
papers published that discuss how to determine the value of
C* when phase-change occurs over a temperature interval,
e.g., Refs. 11-13. For this study, attention will be limited to
a Stefan problem in which the phase-change occurs uniformly
over a very small temperature range AT. Thus, we have

= (pc)s T < Tml
= (pc),, + (LIAT) T, <T<T,,
Cr=(p). T>T, (6)

where the small temperature range AT = T,,, — T,

ml-

The total energy absorption (liberation) in the phase-change
region can be divided into two parts: 1) sensible energy (pc),, AT,
and 2) latent energy L. The temperature interval is taken to
be so small that the sensible energy can be neglected for this
problem. Thus, the apparent heat capacity in the mush region
can be written as

Cr =t = s T ()

Based on the discussion above, Eq. (4) can be simplified as
H=Hy + CT (8)
where for the subcooled solid (T =T,)
H,=0
C* = (po), (&)
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for the two-phase region (7,,, = T = T,)
HR = (pc)sTml - (L/AT)Tml
= (L/AT) (10)

and for the liquid phase (T = T,,,Z)
Hp = - (P Ta + pucs Tml + L
C* = (po), (11)

Equation (3) is nonlinear due to the defnendence of thermal
conductivity on temperature. This difficulty can be circum-
vented by applying the Kirchhoff transformation

i T(X.1)
= E? J;R KT)dT (12)

Using Leibnitz’s formula gives
= [K(T)/kg]VT
Equation (3) can be rewritten in a linear form as

oH :
E - kRV 0= q (13)

The thermal conductivity of water may be taken to be piece-
wise continuous about the melt temperature. For a sufficiently
small temperature interval about T,, (492°R), the following
values may be used:

k = kg
k =k,

1.416 Btwh-{t-°F
0.320 Btu/h-ft-°F

I

r=r1,,
TE Tm2

Combining the above values with Eq. (12), defining a ref-
erence temperature value, Tr = 450°R, and performing the
integration, produces relationships between the temperature
and the Kirchhoff variable in the solid, two-phase, and liquid
regions:

0=T-Tp T=T,,

0 =T — Tk T,

0="T,, — Tz + (kL/kR)(T - Tmz),

m=T=T,

T=T,, (14
Another advantage of using the Kirchhoff transformation

for the finite element method is that when some of the nodes

have a different phase than others of the same element, then

the transformation helps avoid confusion as to physical prop-
erties of the element. Equation (14) can be simplified as

0 = 0, + C,T (15)

where, for the subcooled solid (T = T,,,)

0 = —Tx

Cr=1 (16)
for the two-phase region (7,,, = T = T,,,)

0, = —Tx

Cr=1 17

and for the liquid phase (T = T,,,z)
O = Tp2 —
Cr

— (ku k)T,
(kL/kR) (18)

Using coefficients Hy and C* of Eq. (8) and coefficients 0,
and Cy of Eq. (15) produce expressions which are identical
to those in Eqs. (4) and (14), respectively. In turn, this form

reduces the set of equations to a s1ng1e expression [Eq. (13)]
to cover all three phases.

FEM Numerlcal Formulatlon

Equation (13) contains singularities due to the discontinuity
in the temperature gradient and the enthalpy at the phase-
change interface. To overcome this difficulty, a weak solution
of Eq. (13) is sought. The solution may be defined as a pair
of bound integrable functions H and @, expressed in the fol-
lowing manner: :

L‘f o - fkv (Voyy dQ = fquQ (19)

where v is-an arbitrary test function and () is the volume. The
importance of the weak solution is that certain numerical
schemes will converge to the weak solution of the boundary
value problem, despite discontinuities in the temperature gra-
dient across the phase boundary. Consequently, it is not nec-
essary to consider separate liquid and solid regions.
Equation (19) may be integrated by parts to obtain

f H 40 + f kVo-Vv dQ —f (kV&)nv dA
Q Jf Q a0

= fﬂ qv dQ (20)

where 9Q) refers to the boundary of the volume Q.
In the Galerkin method, the temperature within an element
is approximated by a linear combination of basic functions

0(X, ) = [N][6]
H(X, 1) = [N][H] ey

where [N] is an interpolation vector

[Nl = [N, N, ... ,N,]

The subscript 7 is the node number in an element. If v is
replaced by the transpose of [V], and Eq. (20) is utilized, then
the following is produced®:

(K C* 1t + [KCo* ™t + [KDIT]

= [KCTT] + [KHgl" — [KH!

— [KiJ{6x]"* + [PoJ* ! — [P} 22)

where [K,], [K;], and [K;] are mass matrix, boundary con-
dition matrix, and thermal inertia matrix, respectively, and
[P,] and [P,] are heat source vector and boundary condition
vector, respectively.

Equation Solution

The element expression, Eq. (22), can be assembled into a
m,; X m, linear system of equations

[ANTY ! = [P (23)

where m, is the total node number of the system. In general,
the resulting global matrix [A] is nonsymmetric and must be
updated at each time step.

One of the advantages for this formulation is it can be used
to describe either the solid phase, the mushy region, or the
liquid phase by simply assigning different phase coefficients
Hg, C*, 6z, and Cr to the equations according to Eqs. (9-
11) and (16-18). Once Hg, C*, 6z, and C; are properly
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Fig. 2 Variation of heat capacity, enthalpy, and conductivity near
the melting temperature.

defined, the entire system can be regarded as an ordinary heat
conduction problem. What is more, phase-change is implicitly
incorporated in the equation system. This makes equation
solving for a deicer pad more efficient. Unfortunately, all of
the discretization equations are nonlinear. The efficiency of
the method is therefore limited by the efficiency of the tech-
nique employed to solve the discretization equations. The
nonlinear aspects of the discretization equations are as fol-
lows:

1) Current HR, C Oz, and Cp, or e.g., the current phase
type, will depend on the current value of 7, and it is not
possible to formulate the numerical equations into a set of
linear.equations in the unknowns Hy, C*, 6z, and Cj.

2) Heat conductivity and heat capacity vary with temper-
ature. Since attention is limited to materials whose physical
properties are not strongly dependent on the temperature
(Fig. 2), constant k and ¢ will be used in both solid and liquid
phases. In the mushy region C* is used for all the time steps.
Hence, the only nonlinear property that needs to be consid-
ered is k in the mushy region.

The assumed states method is used to overcome the first
difficulty. The efficiency of this method makes it virtually a
predictor-corrector scheme. All the nodal phases are assumed
on the basis of the previous solution. After a new solution
has been obtained, a.correction is made to the phase distri-
bution of the control volumes and a new solution is obtained
again. This procedure is repeated until the phase distribution
does not change between successive solutions. Furthermore,
if the phase interface does not cross a control volume bound-
ary during the time interval, a single iteration is all that is
required To prevent phase-change jumping, two rules have
been given:

- Rule 1: In any iteration, a node cannot transition drrectly
from solid to liquid or from liquid to solid without passing
through the intermediate two-phase region. .

-Rule 2: If the nodes which neighbor a node in the transition
phase are both solid or liquid, then this node cannot be in
the two-phase mushy regron

Schneider and Raw,” who 1ntroduced the method, stated
that the procedure proved superior to conventional proce-
dures with cost reductions ranging from a factor of 5 to 47.
These observations tend to suggest that large cost reductions
may be experienced for higher mesh refinement, larger time
steps, or smaller values of the Stefan number.

The conductivity k(7T') in the mushy region is the only heat
property which needs to be updated at each time step. This
can be performed by an interpolation method based on the
enthalpy at the same node .

y'mwmm
o.c.T,, + L — (pc),T,]

Accordingly, an algorithm may be suggested:

1) Assign Hy, C*, 6, and C to each node based on its
previous phase.

2) Calculate k., for the each node which is undergoing
phase change.

muSh - k + (k (24)

3) Generate the element stiffness matrix and force vectors
for each element.

4) Form a new m, X m, global stiffness matrix by assem-
bling each element matrix.

5) Solve the system of equations.

6) Check to determine whether the assumed phase at each
node is correct, i.e., is the new phase based on the current
temperature at each node the same as the previously assumed
value? If yes, go to the next time step. Otherwise, reassign
Hy, C*, 8z, and Cr to each node according to the new so-
lution, and return to step 1.

Unfortunately, this algorithm is very expensive even for
simulating a two-dimensional deicer pad whose node number
is usually around 3500 and which has a bandwidth around 60.
To extend this algorithm.to a three-dimensional simulation
would be impractical since most of the CPU time would be
spent to reform a huge global matrix at each time step (steps
3 and 4) and to solve this system of equations (step.5). To
improve the efficiency of this. algorithm, steps 3—5 have to
be reconsidered. In another words, a method of reforming
the matrix and solving the developed system of equations must
be sought in order to reduce the computation cost.

- To begin this process, suppose that step 2 (the two- phase
conductivity calculation) is skipped. From a careful review of
Eq. (22), it may be seen that for this condition matrix [A]
will be invariant at time steps where no phase change occurs
at any of the nodes. The boundary condition matrix [K,] is a
constant during all the calculation time steps. The thermal
inertia matrix term [ K;}[C*] and the mass matrix term [K;][C/]
vary only when phase changes occur at some of the nodes.
This indicates that most of the CPU time spent to reform the
matrix is only because the conductivity-of the two-phase re-
gion changes from k; to k,. However, it is not known how it
changes, hence, an interpolation method is generally used to
approximate this value. Also, as mentioned earlier, the es-
sential mechanism to control the energy balance in the two-
phase region is not the variation of the sensible energy, but
the variation of the latent energy. To simulate this latent
energy absorption. (liberation), a very large apparent heat
capacity has been assigned in this region. Therefore, it is not
obvious what role the variation in the two-phase conductivity
plays in such a complicated situation. From the considerations
above, a new algorithm based on a constant conductivity ky
applied to two-phase regions is proposed.

The benefit of new algorithm not only stems from the cost
saving of reforming and reassembling a matrix at the time
step without phase changes at nodes, but also in the cost saving
of solving the system of equations by way of a properly chosen
solver. The. solution of the algebraic systems of equations
consumes a considerable amount of computing time. The per-
formance of the algorithm depends critically on the choice of
the solver. The most widely used solvers in FEM applications
are Cholesky’s method and the conjugate gradient method.
These have been mainly applied.to symmetric matrix prob-
lems.™

For this study, a direct method, the LU decomposition
method, was chosen. This selection was made because the
matrix is nonsymmetric and for several other reasons which
will become clear from the following. .

Matrix [A] in Eq. (23) is a nonsingular m; X m,; matrix.
Replacing [A] with LU, where L is a lower triangular matrix
and U is an upper triangular matrix, and factoring gives

LAl =

Let [Z] = U[T] |
The solution is then found using forward and backward
substitution

LU[T] = L(U[T)) = [P] (25)

L[Z] = [P]
UlT]

I
N

(26)
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Itis well known that the decomposition of LU is not affected
by the change of the right side of Eq. (23). Since matrix [A]
will be invariant if no phase-change occurs at any nodes, there
is the potential to save the cost of the LU decomposition of
the matrix [A] during the operations of nonphase change time
steps. If all the nodes retain their phase at M successive time
steps, the total number of arithmetic using LU decomposition
to solve Eq. (23) until next phase change occurs is m3/3 +
Mm3. By using the Gaussian elimination algorithm, Mm3/3
+ Mm7 operations will be required (a considerable increase
for any M > 1). Therefore, in the event that no phase-change
occurs at any node of the system, the solution of the linear
system Eq. (23) can be directly obtained by just repeating
forward and backward substitution. Most importantly, all costs
of reforming, reassembling of matrix [A] and LU decompo-
sition of matrix [A] are saved.

There are several other techniques which can be used to
further reduce the computational time of this method:

1) Since boundary matrix [K,] and vector [P,] are invariant
during the entire calculation, they can be put into matrix [A]
and vector [P] need not be updated.

2) For the deiced airfoil simulation, the ice is initially in a
solid phase (melting problem), therefore, the coefficient ma-
trix will be symmetric prior to phase-change. The amount of
calculation may be further reduced by factoring matrix [A]
into LL™ by Cholesky’s method.

A revised or new algorithm can now be written as follows:

1) Form symmetric matrix [A] using Eq. (23).

2) Factor matrix [A] into LL” by Cholesky’s method.

3) Form vector [P] using Eq. (23).

4) Use backward and forward substitution to solve for [T]**.

5) Check if phase-change occurs at any node; if not, go to
step 3, otherwise continue.

6) Form and assemble the nonsymmetric matrix [A].

7) Perform LU decomposition by Crout’s method.

8) Form vector [P] using Eq. (23).

9) Solve [T]"*! by backward and forward substitution.

10) Check if phase-change occurs at any node, if not, go
to step 8 to calculate the solution for next time step. Otherwise
go to step 6.

Finally, it should be noted that another advantage in using
LU decomposition is that round-off error can be greatly re-
duced by using double-precision to handle the summation
(inner products). For an aircraft deicing simulation this is
especially important since the extremely small layer thick-
nesses as compared to the airfoil chord length make round-
off error considerations very important. For example, when
the node number exceeds 600, Gaussian elimination usually
becomes unstable. But by using L U decomposition, the results
maintain high accuracy, even for a very large system of equa-
tions.

Table 1 provides an indication of the magnitude of time
saving obtained by utilization of this algorithm: (all examples
were run on a VAX 6420).

Table 1 Comparison of CPU times for two algorithms

CPU times, s
Band Element Node Time Old New
width number number steps algorithm algorithm
30 1,550 1,000 200 1,150 210
65 3,800 2,800 200 10,000 1,400

Table 2 Comparison of CPU times between sequential computer
and supercomputer

CPU times, s
Old New
algorithm algorithm
Sequential algorithm (VAX 6420) 1325 220
Vectorized algorithm (Cray X-MP) 68 11.15

Vectorization and Parallelization

It is well known that the key to achieving optimum per-
formance on supercomputers is through the modification of
an existing algorithm or by the development of a method
tailored to a parallel computing environment.!*-!¢ The follow-
ing example gives only a rough idea what the difference is
between sequential and vectorized algorithms. For a problem
node number totaling 1250, an element number equal to 2500,
and a band width of 38, CPU times are listed in Table 2 for
both the new and the old algorithms, for both the VAX (se-
quential algorithm) and the Cray X-MP (vectorized algo-
rithm) machines.

Results and Discussion

Comparisons with Analytical Results

Two test problems are considered here to compare the
numerical predictions to analytical solutions. In both prob-
lems, the conductivities of the solid phase and liquid phase
are identical. Hence, there are no differences between the
old and new algorithms. Both problems were analyzed pre-
viously by Rolph and Bathe.!” The purposes for these com-
parisons are to verify that the basic formula, Eq. (21), is
correct for both one- and two-dimensional problems.

1) Consider a one-dimensional freezing problem in a semi-
finite half-space with fixed temperature 7 < 0 at the surface
x = 0 (Fig. 3). The thermal properties are (pc), = (pc), =
1.0 Btuw/in3-°F, k, = k, = 1.0 Btu/in.-sec-°F and L = 0.25
Btu/in.?

Comparisons of the predicted front position and temper-
ature history for the length of the first 4 in. with the analytical
solution are shown in Figs. 4 and 5. As can be seen, good
agreement has been obtained.

2) Consider the corner of a uniform infinite container of a
liquid with an initial temperature 0.3°F and a freezing tem-
perature 0.0°F (see Fig. 6). At time ¢t = 0, the temperature
of surfaces, T(x, 0) and T(0, y), are reduced to 1-deg below
the freezing temperature and are maintained constant. Other
test conditions are same as the first problem. Comparisons of
the front position and temperature history of point A (x =
0.5 and y = 0.5) with the analytical solution are shown in
Figs. 7 and 8.

:T(O,t)=-45°F

¢ 4.0 in
—— - X

Fig. 3 One-dimensional test problem.

Liquid,T(x,0)= 0°F

ANN\\

0.0

Numerical

b
o

-10.0

-15.0 Analytical [17]

ol b e )

Temperature (F) at x=1 inch

-20.0 4

1

25.0 ~rrr e

000 050 1.00 150 200 250 3.00 350 4.00
Time (sec)

Fig. 4 Comparison of predicted temperatures with analytical data.
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25 Analytical [17]

2.0

1.5
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Fig. 5 Comparison of predicted front position with analytical data.
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Fig. 6 Two-dimensional test problem.
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Fig. 7 Comparison of predicted temperature with analytical data.
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Fig. 8 Comparison of predicted front position with analytical data.

Table 3 Deicer pad property values

Thickness, Conductivity, Specific heat, Density
Layer name Material in. Btu/ft-h-°F Btu/lb,-°F Ib,./ft?

Substrate 75s-T6 Aluminum 0.087 66.5 0.26 155
Inner insulation Epoxy/glass 0.05 0.22 0.23 110
Heater Nichrome 0.004 7.6 1.00 55.07
Outer insulation  Epoxy/glass 0.01 0.22 0.23 110
Shield 304 Stainless steel 0.012 8.7 0.117 495
Ice Ice or water 0.25 1.29 or 0.32 0.5 or (.99 57 or 62

Comparisons Between Two Algorithms

One- and two-dimensional simulations of a standard deicer
pad whose composite structure is'simplified to five layers have
been used here for comparing the results of the new and old
algorithms. The properties of the materials are listed in Table
3. For both simulations, the heater power is 30 W/in.2, the
ambient and initial temperatures are 10°F, the inner convec-
tion coefficient is 10 Btwh-ft>-°F, and the outer convection
coefficient is 150 Btu/h-ft>-°F.

One-Dimensional Simulation

A slice of the composite airfoil structure was used for the
one-dimensional analysis. This problem has been solved using
64 elements. Node 28 is at the ice/abrasion shield interface,
29 is the first node within the ice, etc. Figure 9 is the tem-
perature histories of node 28 solved by the two different al-
gorithms. Apparently, from a time of 4.5-11 s, the results
obtained by the new algorithm are higher than those of the
old algorithm. But this difference is gradually reduced after-
wards. Figure 10 plots the same temperature history for a
time interval of 60 s to demonstrate that the difference be-

tween the two algorithms disappears at longer times. To fur-
ther understand these differences, Fig. 11 is a plot of the tem-
perature history of nodes 29-31 for a time interval of 60 s
obtained by using both the old and new algorithms. Based on
these comparisons, the following major points can be sum-
marized:

1) The temperature histories obtained by the new algorithm
or old algorithm are very close for the nodes which are in
solid phases or two phases.

2) After a node completes the phase-change and enters the
liquid phase, then if its neighboring node undergoes a phase-
change during this period, the temperature obtained by the
new algorithm is higher than the temperature obtained by the
old algorithm.

3) After the neighboring next node completes its phase-
change, the solution differences between the two algorithms
gradually disappear.

The difference between the results from the two algorithms
is due to the fact that different methods are used to assign k
to the nodes which are undergoing phase change; in the old
algorithm, an interpolation method is used to calculate k at
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Fig. 10 Temperature history of ice/abrasion shield interface node
(over 60 s).

each time step; in the new algorithm a constant k is applied.
For further understanding how different k values can give
different effects, assume that the i — 1 node is the liquid
phase, node i is undergoing a phase change and node i + 1
is in the solid phase (Fig. 12). In the old algorithm

keoy = (ki + k)2 = (ky + k)2
k, = (k; + k. )2 = (k,, + k)2 27

where the two-phase conductivity k,, is changed at each time
step. But in the new algorithm

ke =k,
k, =k,

(28)

The heat fluxes ¢, ,, ¢;, and g, , to and from the adjacent
elements are related to average temperatures in the elements,
ie.

qioy = ko [(T2e, — T2v)/Ax]
q; = k(T3 — T2)/Ax]
Gis1 = ko [(Te ~ T2¢)/Ax] (29)

When all the nodes are in the solid phase, the conductivities
will take the value of k, for both algorithms, hence, the sim-
ulation results are the same. However, when node i starts to
change phase, the apparent heat capacity of node i has been
assigned a very large value. As a result, this node behaves
like a sink of energy which consumes almost all of the energy
g;-, coming from element e — 1. As a result of the fact all
the ¢;_, has been absorbed by the node i, there is only a very
small amount of energy left which will be transferred to the
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Fig. 12 Elements, nodes, and heat flux.

next element as g, and all the temperatures of the nodes
beyond node i, therefore, will not show much variation. This
fact makes the exact determination of the conductivity in
element e not of vital importance since heat transport beyond
e is almost zero. As an informal confirmation of this analysis,
it is interesting to point out that the simulation results remain
almost the same if values ranging from 1.0 to 10.0 are assigned
to k., and the same problem is rerun. Therefore, it is not
surprising that the simulation results are very close between
the two algorithms for nodes i + 1,7 + 2, ..., etc., since
the difference of the conductivities is far smaller than the
maximum difference over this range.

The difference of k._, between the two algorithms does
substantially change the simulation results. The temperature
of node i — 1 of the new algorithm shows a slightly higher
result than obtained by the old algorithm. This can be under-
stood by reviewing Eqs. (27) and (28). The old algorithm uses
a larger k,_, value than the new algorithm since k,, is always
larger than k,. From Eq. (29), it can be seen that the value
of g,_, of the old algorithm is therefore larger than the ¢, _,
of new algorithm. This means that more energy will transfer
to the neighboring elements for the old algorithm, and as the
result, the temperature of node i — 1 is lower than the value
obtained by the new algorithm. Obviously, this will force node
i to complete its change of phase earlier than predicted by
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the new algorithm, since node i accepts more energy (g;_, is
larger). The reasons which did not apparently change the
solution of the phase change are as follows:

1) The difference of the g;_, between the two algorithms
is quite small compared to the latent heat value which node
i needs to consume in order to complete its phase change.

2) Secondly, and the more important reason, the melting
time lag between the two algorithms does not accumulate as
the phase-change front passes to the next node. As node i
completes its phase-change, the value of k,_, will-be k, for

Position §

Position 6

Position 7 /
position 8

Fig. 17 FEM mesh for an airfoil consisting of 14 layers.

Table 4 Data for experimental deicer pad

Thermal Thermal
thickness,  conductivity, Diffusivity,
Layer in. Btu/h-ft-°F ft/h
Stainless steel abra- 0.0300 8.70 0.1500
sion shield
Epoxy adhesive 0.0168 0.10 0.0058
Epoxy/glass insulation 0.0138 0.22 0.0087
Epoxy adhesive 0.0082 0.10 0.0058
Copper heater ele- 0.0065 60.00 1.1500
ment
Epoxy adhesive 0.0082 0.10 0.0058
Epoxy/glass insulation 0.1338 0.22 0.0087
Epoxy adhesive 0.0082 0.10 0.0058
Stainless steel blade 0.0200 8.70 0.1500
skin
Epoxy adhesive 0.0100 0.10 0.0058
Aluminum doubler 0.0500 102.00 2.8300
Epoxy adhesive 0.0100 0.10 0.0058
Aluminum substrate 0.1750 102.00 2.8300

Table 5 Test conditions for a two-dimensional simulation

Ice Heater Heater
Blade thickness, power, on/off times,
position in. Wiin.? s

3 0.0 0.0

4 0.0625 15.7 165/175, 225/235, 285/295
5 0.0625 15.8 165/175, 225/235, 285/295
6 0.0 15.9 165/175, 225/235, 285/295
7 0.0625 16.0 155/165, 215/225, 275/285
8 0.0 16.3 175/185, 235/245, 295/305

Deicing test commences after ice has accreted for 155 s.
Ambient temperature = 20°F.

Outer convection coefficient = 70 Btu/h-ft>-°F.

Inner convection coefficient = 10 Btwh-ft>-°F.

Each heater element is 1-in. wide.

Gap between heaters is 0.061 in.

both algorithms. Then node i — 1 of the old algorithm will
require more energy to satisfy the balance of energy of the
governing equation. During this period, it provides less energy
¢;-, to node i. In other words, the difference between the
two algorithms is only that node i first gets more energy before
it completes the phase change, then it gets less energy after
it completes phase-change for the old algorithm. Comparison
of the simulation results between the two algorithms has con-
firmed this analysis. All temperature differences between the
two algorithms has disappeared after its nearest neighboring
node completes the phase-change, and therefore, the phase-
change time does not show an increase for the new algorithm
as the phase-changes goes on.

Two-Dimensional Simulation

A section of the composite structure of the deicer used for
the two-dimensional analysis is shown in Fig. 13. All the test
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Fig. 18 Comparison of predicted temperature (solid line) with experimental data (symbols).

conditions are same as those for the one-dimensional prob-
lems except there are gaps at the two sides of the heater. The
temperature variations of the shield/ice interface with time
obtained by the two algorithms are shown in Fig. 14. Figure
15 are plots of the temperature history at the shield/ice in-
terface over a 60-s interval to make certain agreement is ob-
tained between the algorithms. The data shown in Fig. 15
reveals the difference between the two algorithms becomes
smaller than the difference for the one-dimensional case. This
can be explained by the use of Fig. 16. If node N, is undergoing
phase-change, it has a different conductivity than the sur-
rounding nodes. The conductivity of each element is the av-
erage value of its vertex nodes. Elements e, and ¢; have smaller
conductivities compared to the other elements since they have
N, as one of their vertices. Now consider node N,, one of
node N, neighbors. The conductivity of node N, will be af-
fected by the node N, through elements e, and e;. But this
effect becomes very weak after assembling since the node N,
is the common vertex of elements e,, e;—e,. Each element
contributes to the effect on node N,. The effects of elements
e, and ¢, are hardly seen among them. Hence, it is to be

expected that the difference between the two algorithms be-
comes even smaller in three-dimensional simulations since
one node will be shared as a common vertex by even more
elements.

Comparison with Experimental Data

Predictions for a two-dimensional simulation of the elec-
trothermal deicing of aircraft components. using the new al-
gorithm were compared to existing experimental data.!® The
essential purpose for this comparison is to demonstrate that
the new algorithm adequately handles a real case. The mesh
representation of a deicer pad is illustrated in Fig. 17. The
pad. consists of 14 layers which includes an ice layer (Table
4). Six heaters are modeled, all of which are fired separately
and have slightly different power densities. Test conditions
are listed in Table 5. When ice is present on the blade, it is
modeled as having a constant value of 0.0625 in. As can be
seen from Fig. 18, at position 8, excellent agreement with the
experiment data has been obtained. This is not surprising since
there is no ice present at position 8. At positions 5 and 7, the
predictions agree reasonably with the experimental data. The
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" numerical simulation results at position 6 (stagnation point)
are a little lower than the experimental result.

Conclusions

A temperature-based finite element formulation and al-
gorithm have been developed for the solution of a nonlinear
equation resulting from a phase-change problem. This for-
mulation and algorithm have been found to be superior to
conventional FEM procedures with cost reductions ranging
from 5 to 50 times. The degree of the computer time reduction
of the new algorithm strongly depends on the total node num-
ber of the phase-change in the calculation, and the node num-
ber whose phase-change occurs at the same time.

A modified algorithm which exploits both vectorization and
parallelization on a supercomputer to minimize computational
effort is utilized. The computational time reduction is usually
related to the length of the processed array. For a typical
electrothermal deicer pad problem, the reduction is around
20 times for baoth new and old algorithms.

The finite element formulation and algorithm associated
with the phase-change problem presented here greatly re-
duces the CPU time. This enables the algorithm to be used
as a powerful design todl in applications related to the phase-
change problems such as an aircraft deicing pad. This offers
the potential to further extend the simulation to a three-
dimensional geometry and to more complex applications.
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